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ABSTRACT 

We  consider  techniques  for  compressing  families  of  partial  grids 
(PG),  that  is,  grids  which  contain  "holes",  i.e.,  missing  nodes  and 
edges.  This  work  is  motivated  by  VLSI  circuit  layout  design.  We 
consider  a  dynamic  version  of  the  problem,  that  is,  techniques  and 
their  complexity  for  adding  or  subtracting  a  portion  of  the  grid  at  a 
time.  The  central  idea  is  that  rectangular  regions  may  need  to  be 
inserted  into  or  deleted  from  previously  designed  regions.  After  such 
additions  and  deletions,  one  would  like  to  reconfigure  for  minimum  area 
and  minimum  wire  lengths.  Thus  one  would  like  algorithms  to  embed 
partial  grids  into  partial  grids  to  eliminate  most  of  the  holes,  but 
not  unduly  lengthen  any  original  connection.  To  the  designer,  such 
algorithms  should  provide  the  means  for  the  already  designed  regions  to 
be  reconfigured  as  little  as  possible  and  only  when  necessary. 

In  this  paper  we  provide  two  types  of  results: 

(1)  A  case  study  of  embedding  techniques  that  map  partial  grids 
into  smaller  partial  grids  with  optimal  area  and,  simultaneously,  a 
constant  bound  on  the  dilation  or  stretching  of  the  edges.  We 
introduce  the  notion  of  boundary  dilation,  that  is  dilation  of  critical 
interface  areas  in  the  grid  (between  holes). 

Due  to  the  complexity  of  the  problem,  we  considered  various 
special  cases  of  partial  grids:  L-shapes,  T-shapes,  0-shapes,  possible 
combinations  of  L's  and  T's,  PC's  with  polygon  holes  ("thin-wall" 
holes),  PC's  with  symmetric  holes,  and  PC's  with  "corner"  holes).  We 
give  bounds  on  dilation  for  the  embedding  of  these  partial  grids  into 
their  "nearly  ideal"  square  (i.e.,  smallest  square  grid  that  contains 
the  PG).  We  improve  on  [ELLI8A]  results  on  embedding  rectangular 
complete  grids  into  square  grids. 

(2)  Complexity  results  showing  the  general  problem  and  a  special 
case  of  the  problem  (orthogonal  PG)  to  be  NP-complete.  We  give  a  lower 
bound  on  dilation  which  reflects  the  shape  and  the  number  of  nodes  in  a 
given  PG  to  be  embedded. 

To  our  knowledge,  the  partial  grid  embedding  problem  has  not  been 
considered  before,  with  regard  to  expansion,  dilation  and  boundary 
dilation  embeding  costs  simultaneously.   It  appears  to  correspond  to   a 


variety  of  natural  computational  situations  and  to  open  up  a  new  set  of 

design-related  problems. 

I. 

I.   INTRODUCTION 

1 . 1   BACKGROUND 

One  major  goal  of  circuit  integration  is  the  ability  to  pack  dense 
circuits  in  very  small  areas.  The  model  most  often  used  is  the  one 
that  views  the  circuit  as  a  graph  and  the  chip  as  a  grid.  One  lays  out 
the  circuit  by  embedding  it  in  the  grid  so  that  graph  edges  map  onto 
disjoint  paths  in  the  grid.  The  two  major  measures  of  embedding 
efficiency  are  the  area  of  the  smallest  rectangle  that  encloses  the 
circuit  layout  and  the  time  involved  in  traversing  long  runs  of  wire 
[THOM79].  VLSI  theory  has  been  involved  with  the  study  of 
computational  structures  that  fill  specific  needs  in  the  new 
computational  environment.  These  structures  resemble  cellular  automata 
and  iterative  arrays  of  finite  automata.  The  development  and  analysis 
of  algorithms  that  aid  in  the  logical  and  physical  design  process  of 
integrated  circuits  is  very  much  needed  in  order  to  replace  the  up  to 
now  ad  hoc  method  of  circuit  design  by  the  human  designer. 

A  great  number  of  computational  problems,  including  VLSI  design, 
can  be  modeled  by  graph  embedding  problems.  A  graph  embedding  is  a 
one-to-one  mapping  of  vertices  of  a  source  graph  S  to  the  vertices  of  a 
host  graph  H.  Of  paticular  interest  are  those  host  graphs  which  come 
closest  to  the  physical  limitations  of  VLSI  technology  and  for  which 
efficient  embedding  techniques  can  be  provided.  One  such  family  of 
graphs  is  the  rectangular  grid  which  is  simply  a  product  of  two  line 
graphs.  The  "Manhattan  citv  block"  metric  is  used  for  measuring 
distance,  i.e.  the  distance  between  two  points  is  the  shortest  grid 
path  connecting  them.  The  dilation  of  an  embedding  is  the  maximum 
distance  between  images  in  the  host  graph  of  a  pair  of  adjacent  nodes 
in  the  source  graph. 

In  this  paper  we  consider  dynamic  grid  embeddings  which  involve 
the  addition  or  subtraction  of  one  rectangular  region  at  a  time.  We 
believe  that  this  problem  has  imporatnce  in  the  VLSI  setting  and  is 
related  to  a  variety  of  computational  problems.  In  most  of  the  graph 
erabedings  which  have  been  studied,  results  have  been  on  optimization  of 
either  area  or  dilation  cost  separately.  In  our  partial  grid 
embeddings  we  consider  both  costs  simultaneously. 

Let  us  consider  the  following  situation.  Clrculs  (graphs)  have 
been  laid  out  in  the  two  grids  shown  below: 
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It  is  desired  to  create  a  new  grid  that  contains  layouts  of  both, 
furthermore,  to  keep  interconnection  distances  sraall,  the  circuit  laid 
out  in  the  second  (  smaller  )  rectangle  needs  to  be  placed,  say,  in  the 
center  of  the  first  (  larger  )  rectangle.  By  a  direct  insertion  one 
obtains  a  partial  grid  such  as  the  one  shown  below,  where  there  are 
"holes"  in  the  third,  fifth,  seventh,  and  ninth  rows: 
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By   "squeezing"   techniques   [ALEL82 ]   [ELLI84]  one  can  embed  the  above 
10  X  11  partial  grid  Into  an  8  x  11  partial  grid  with  dilation  two: 
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Similarly,  we  consider  the  situation  that  arises  when  a 
rectangular  portion  of  a  grid  is  taken  out,  resulting  in  a  partial  grid 
with  one  hole.  For  example,  after  deleting  one  rectangular  section  one 
could  have  either  of  the  partial  grids  shown  below: 
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One  can  "squeeze"  these  7x7  partial  grids  into  7x6  partial  grids  with 
dilation  2: 


1 


8 

9 

3 

12 

13 

14 

15 

16 

10 

11 

20 

21 

22 

23 

27 

28 

29 

30 

34 

35 

36 

37 

46 

41 

42 

43 


44   45 


47 


48   49 


1 

2 

3 

4 

8 

9 

10 

11 

15 

16 

17 

18 

35 

22 

23 

24 

25 

34 

42 

29 

30 

31 

32 

33 

41 

36 

37 

38 

39 

40 

49 

43 

44 

45 

46 

47 

48 

The  reader  should  note  that  these  are  optimal  embeddings  in  that  there 
are  too  many  nodes  in  the  original  grid  to  fit  in  any  smaller  size 
rectangle  and  dilation  at  least  2  is  necessary.  Furthermore,  there  are 
known  algorithms  [ALEL82]  [ELLI84]  for  "squaring  up"  rectangular  grids 
with  bounded  dilation.  What  type  of  embedding  techniques  exist  for 
"compression"  of  partial  grids  into  smaller  partial  grids  such  that 
dilation  is  bounded  by  a  constant? 

Grid  embeddings  are  of  paticular  Interest  due  to  their  application 
in  VLSI.  They  represent  a  processor  interconnection  pattern  which 
requires  the  connecting  wires  to  run  both  horizontally  and  vertically. 
In  this  case,  the  edges  between  processors  must  be  0(k),  where  k  is  a 
k-bit  register,  and  an  n  x  n  grid  array  of  processors  would  require 
height  0(nk)  and  width  0(max(nk,nr  log  k)),  where  r  is  the  number  of 
registers  and  n  the  number  of  processors  [ULLM84).  In  terms  of  time 
requirements,  if  a  message  needs  to  be  broadcas^t  from  one  of  n 
processors  to  all  the  others  in  a  grid,  0(/n)  time  is  required 
[ULLM84].  There  is  an  increasing  number  of  "systolic"  and  nonsystolic 
algorithms  which  are  based  on  the  two-dimensional  arrays  of  processors 
organizations  (mesh  of  processors)  [ULLM84].  One  would  like  to 
investigate,  therefore,  as  an  abstract  graph  problem,  the  relation 
between  expansion  and  dilation  and  the  complexity  of  computing  grid 
embeddings  which  optimize  one  or  the  other. 

The  problem  of  minimizing  dilation  (i.e.,  maximum  edge  length)  in 
grid  embeddings  is  known  to  be  NP-complete  [MILL83],  [BERT83];  in  fact, 
it  remains  NP-complete  for  binary  trees  and  maximum  edge  length  one 
[BHAT83].  Similarly,  the  problem  of  minimizing  expansion  (the  ratio  of 
the  number  of  vertices  in  the  host  graph  over  the  number  of  vertices  in 
the  source  graph)  in  grid  embeddings  is  NP-complete  [D0LE81]. 
Paterson,  Ruzzo  and  Snyder  [PAT81]  discuss  tradeoffs  between  dilation 
and  expansion  in  grid  embeddings  of  complete  binary  trees.  They  show 
that  in  embeddings  of  trees  with  0(1)  expansion  that  0(n^'  /log  n) 
dilation  is  necessary  and  sufficient. 
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The  famllv  of  planar  graphs  Is  / 8n-separable ._  In  particular,  an 
/n  X  /n  grid  cannot  be  separated  by  fewer  than  /n  edges  [ULLM8A]. 
Lelserson  [LEIS80]  has  given  an  area-optimal  embedding  algorithm  for 
graphs  with  good  separators  (9  (n*^ ) ,  q  >  0).  The  construction  in 
[LEISeO]  is  area  optimal  in  the  sense  than  an  n-node  graph  with 
separator  f(n)  is  laid  out  in  an  area  no  more  than  the  minimum  area 
required  by  some  n-node  graph  with  the  same  separator.  The  embedding 
is  in  a  rectangle  that  is  almost  square.  That  is,  if  the  hounding 
rectangle  has  area  A(n)  for  an  n-node  graph,  then  each  of  its  length 
and  its  breadth  is  6 (/A(n)  ).  In  the  same  paper  it  is  also  pointed  out 
that  while  it  is  possible  to  convert  any  embedding  into  an  embedding  in 
a  square  with  at  most  a  constant  penalty  in  area,  the  reverse  is  not 
always  possible.  Ramachandran  [RAMA83]  gave  results  on  this  latter 
type  of  embedding,  i.e.,  on  the  problem  of  embedding  a  graph  of  n 
vertices  in  rectangles  of  varying  aspect  ratio,  assuming  that  the 
length  i  of  the  longer  side  of  the  rectangle  is  specified.  She 
obtained  the  rectangle  of  minimum  area  in  which  the  graph  can  be 
embedded  under  this  constraint. 

Aleliunas  and  Rosenberg  [ALEL82)  gave  three  embedding  techniques 
for  embedding  a  rectangular  grid  into  the  smallest  possible  square  grid 
(i.e.,  its  ideal  square).  This  type  of  embedding  may  model  the  problem 
of  "squaring  up"  VLSI  layouts  that,  for  one  reason  or  another,  place 
circuits  initially  into  a  rectangular  fashion.  In  realizing  a 
rectangular  grid  circuit  design,  especially  one  that  has  a  significant 
aspect  ratio,  on  a  square  VLSI  chip,  one  would  like  to  find  an 
embedding  that  does  not  expand  the  area  or  stretch  any  edge  severely, 
since  area  and  wire  lengths  significant Iv  affect  the  cost  and 
performance  of  a  circuit.  Area  and  maximum  wire  length  are  represented 
by  expansion  and  dilation  in  our  graph  embedding  model.  Aleliunas  and 
Rosenberg  described  a  "folding"  process  and  a  "squeezing"  process.* 
They  gave  several  results  on  methods  to  achieve  various  dilation  and 
expansion  bounds  but  were  unable,  in  general,  to  optimize  both 
expansion  and  dilation  simultaneously.  If  expansion  were  minimized, 
then  he  smallest  dilation  they  obtained  depended  on  the  aspect  ratio  of 
the  rectangle.  In  some  cases  they  achieved  dilation  2,  which  is 
optimal,  but  in  the  worst  case  dilation  better  than  18  could  not  be 
guaranteed.  They  conjectured  that  an  inherent  expansion-dilation 
tradeoff  must  exist. 

Ellis  [ELL184]  extended  these  results  by  showing  that  a 
rectangular  grid  can  always  be  embedded  in  the  smallest  square  grid 
that  holds  it  with  dilation  at  most  3.  thus  it  is  possible  to  come  very 
close  to  an  optimal  embedding  and  no  significant  tradeoff  exists.  This 
still  left  the  possibility  that  all  rectangles  are  embeddable  into 
their  ideal  square  with  dilation  2. 

In  this  paper  we  prove  extensions  and  improvements  to  the  results 
of  [ALEL82]  and  [ELLI8A]. 


See  Appendix. 
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1.2   DEFINITIONS 

Definition  1.  A  partial  grid  is  a  two-dimensional  grid  which  is 
produced  from  a  rectangular  h  x  w  grid  from  which  some  vertices  and 
their  incident  edges  are  removed.  More  precisely,  a  partial  grid  PG  is 
any  subgraph  of  the  graph  G  with  vertex  set  V  =  {l,2,..,,n}  x 
{l,2,...,w}  and  edge  set  E  =  {  {  (i ,  j  ) ,  (k.m)}  :  |i-k|  +  |j-m|  =  1}.  (G 
is  called  the  rectangular  grid  h  x  w. ) 

Definition  2.  A  partial  grid  PG  is  called  an  (h.w)PG  if  and  only  if  it 
is  a  subgraph  of  the  rectangular  grid  h  x  w  but  not  a  subgraph  of  any 
of  the  rectangular  grids  (h-1 )  x  w  or  h  ^  (w-1). 

Definition  3.  An  essential  partial  grid  is  one  with  no  isolated 
vertices  (that  is,  each  of  its  vertices  has  at  least  one  edge  coming 
out  of  it). 

In  this  work  we  shall  consider  only  essential  partial  grids. 

Definition  A.  Let  PG  be  an  (h  x  w)  partial  grid.  Delete  its  vertices 
(and  all  Tncident  edges)  from  the  rectangular  grid  (h  x  w).  The 
connected  components  of  the  resulting  graph  are  called  holes  of  PG.  An 
external  hole  is  one  which  contains  at  least  one  vertex  of  the  form 
(1 ,  j )  or  (k.,  1 )  or  (h,j)  or  (k,w)  for  1  _<  j,k  £  w.  Else,  it  is  an 
internal  hole. 

Definition  5.  A  partial  grid  embedding  e,  i.e.,  an  embedding  of  an 
(h,w)  partial  grid  PG  (=  source  partial  grid)  into  another  (r,s) 
partial  grid  PG'  (=  host  partial  grid),  is  a  one-to-one  mapping  e  of 
the  vertices  of  PG  to  a  subset  of  the  vertices  of  PG'  such  that  every 
edge  (u,v)  in  PG  is  mapped  to  a  path  between  e(u)  and  e(v)  in  PG'. 

Definition  6.  Let  e  be  an  embedding  of  PG  to  PG'.  Let  N,  N'  be  the 
number  of  vertices  of  PG  and  PG'  respectively.  The  ratio  N'/N  is 
called  the  expansion  of  e. 

The  dilation  of  e,  i.e.,  the  dilation  of  a  partial  grid  embedding, 
is  defined  as  follows: 

d(e)  =  max  {shortest  path  length  between  u  =  (i,i)  and  v  =  (k,m) 
u,v 

in  PG',  where  (i,j)  and  (k,m)  are  the  vertices  of  the  host  PG' 

and  e~^(i,j),  e~  (k,m)  are  adjacent  in  PG)  . 

Definition  7.   The  boundary  dilation  of  e,  bd(e)  =  max  {shortest   path 
length   between   e(v)  and  the  closest  u,  where  v  is  a  "boundary"  vertex 
of  PG  and  u  is  a  "boundary"  vertex  of  PG'}  . 
(A  boundary  vertex  is 

(1)  a  vertex  of  the  form  (l,j)  or  (k,l)  or  (h,j)  or  (w,k),  where  1  £  j 
<v,    1  _<  k  £  h,  or 

(2)  a  vertex  adjacent  to  an  external  hole  vertex.) 
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1.3  THE  GENERAL  PROBLEM 

Given  a  partial  grid  (h,w)  PG,  we  ask: 


"Is  it  possible  to  embed  PG  into  another  given  partial  grid 
PC  with  expansion,  dilation  and  boundary  dilation  bounded 
above  by  given  respective  constants  E,  D,  BD. " 


In  the  last  section  (Th.  2  of  lowr  bounds)  we  show  this  problem 
NP-Hard. 

Definition  8.  Let  PG  be_an  (h,w)_partial  grid  of  N  vertices.  Let  PG' 
be  the  square  grid  f /N  "[  x  p/N  7  •  We  call  PG'  the  ideal  square  of 
PG.  An  embedding  e  of  PG  into  PG'  is  called  an  embedding  of  optimal 
expansion. 

Definition  9.  Let  PG  be  an  (h,w)  partial  grid  of  N  vertices.  Let  s  = 
r  i''  N  1  +  1 .  The  s  )<  s  square  grid  G  is  the  nearly  ideal  square  grid  for 
PG  and  an  embedding  e  of  PG  into  G  is  an  embedding  of  nearly  optimal 
expansion. 

2.   BASIC  RESULTS 

In  the  following,  let  us  assume  that  h  <  w. 

In  [ELLI8A],  the  compression  ratio  was  defined  to  be  the  ratio 
w/s,  where  w  is  the  longest  side  of  the  rectangle  and  s  is  the  side  of 
the  square  grid  into  which  the  rectangle  is  to  be  compressed.  [ELLI84] 
gives  three  threorems  (see  attached  appendix  for  a  summary  of  these 
results)  which  express  the  compression  of  rectangles  into  squares  in 
terms  of  the  compression  ratio.   Lemmas  1  and  2  improve  upon  these. 

Lemma  1 .  (Improvement  of  [ELLI84],  Theorem  4.3).  The  erabeddings  of 
[ELLI8A]  of  a  rectangular  grid  G  (h  ><  w)  into  the  nearly  ideal  or  ideal 
square  grid  G'  have  dilation  _<  3,  boundary  dilation  £  2  and  the 
vertices  of  two  parallel  sides  of  the  boundary  of  G  remain  on  the 
boundary  of  G'  (i.e.,  new  vertices  may  be  introduced  but  the  vertices 
on  two  sides  of  the  original  PG  remain). 

(Proof  omitted. ) 

Lemma  2.  (Improvement  of  [ELLI8A],  Theorem  4.2).  (a)  We  provide  an 
embedding  e  of  a  3x8  rectangular  grid  into  a  5x5  grid  with 
dilation,  boundary  dilation  <  2  and  where  two  of  the  four  boundary 
sides  remain  on  the  boundary  of  the  square.  We  call  this  embedding 
improved  "tile"  (Fig.  1). 

(b)  By  a  simple  repetition  of  the  above  "tile"  we  can  construct  an 
embedding  of  an  h  x  w  square  of  optimal  expansion  and  dilation, 
boundary  dilation  <  2,  if  w  <  2  |  /  hw  "| ,   (i.e.,  compression  £  2). 
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Proof  sketch:  (a)  Improved  tile  with  dilation  <_   2. 
(3x8)  (5x5) 


0    0    >  •  ^     *  (perpendicular  edges 
^     ^/[  _/\^  are  not  showing) 


*   improved  tile 


Fig.  1:  Improved  tile 


(b)  By  [ELLI8A]  primitive  tiling  (nonoverlapping).  • 

Lemma  3.  (L-embedding  with  constant  dilation).  Let  PG  be  a 
partial  grid  of  L-shape  (Fig.  2a).  PG  is  composed  of  the  parts  LI  and 
L2.  We  provide  a  2-stage  embedding  of  PG  into  its  nearly  ideal  square 
with  constant  dilation  <_  A. 

Proof  sketch; 

Stage  1  (embedding   an   L   into   another  L,  for  very  "unbalanced"  LI  or 
L2). 

If  L2  is  very  long  and  narrow,  then  the  folding  technique  of 
[ELLI84]  (see  appendix  for  technique)  can  bend  arm  L2  onto  LI  so  that  a 
"fatter"  L  is  the  result  (Fig.  2b).  This  technique  has  been  used  to 
compress  long  thin  rectangles  into  ideal  squares  with  constant  dilation 
<  2. 


(a) 


LI 

L2 
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(b) 


'unbalanced" 


"balanced"  L 


(*) 


Figure  2.   (a)  an  L-shape  partial  grid,  (b)  folding   of   L: 
folding  techniques  of  [ALEL82]  and  [ELL18A],  see  Appendix. 


(*) 


means 


Stage  2  (Embedding  an  L  into  a  rectangle:  main  stage). 

Let  PG  be  an  L  of  dimensions  a,b,c,d,  denoting  the  lengths,  as 
indicated  in  Fig.  3a.  We  call  the  vertices  on  line  DH,  the 
critical  line  of  L. 

Apply  a  reverse  of  the  squeezing  method  [ELLI8A]  along  the  X-axis 
on  the  rectangle  (b  x  (a+d))  ABEH,  formed  by  arm  LI  and  that  part  of  L2 
which  lies  directly  below.  That  is,  create  new  rows  (Figure  3a),  r,  by 
joining  together  vertices  of  neighboring  rows  in  ABHE.  The  connection 
into  r's  depends  on  the  amount  of  compression  required  (details  in  full 
paper)  and  [ELLI8A]  has  already  given  such  a  tile. 

If  every  r  is  then  "stretched"  to  a  straight  line,  the  rectangle 
ABEH  will  "expand  out"  to  another  rectangle  (b'  ^  (a'+d')  which  has 
still  a  part  of  LI,  "sticking  out".  Thus,  the  effect  of  this  on  the 
L-PG  is  a  decrease  of  the  length  of  a  and  an  increase  of  the  length  of 
b.  This  step  takes  dilation  <_  3  [ELLI8A]. 

(b)  LetL'  be  the  resulting  PG  from  (a)  (Figure  3b).  We  call  the 
portion  of  ABEH  "sticking  out",  ABCD,  the  TBF  rectangle  of  L'  (for  "to 
be  folded").  The  idea  here  is  that  we  will  take  each  row  r  of  TBF  and 
alternatively  embed  it  in-between  the  rows  of  CDEH,  the  rectangle  below 
it  (Figure  3c). 

Since  we  always  add  at  most  one  new  row  r  of  TBF  in-between  two 
rows  r  of  CDEH,  dilation  is  at  most  doubled.  The  resulting  shape 
(Figure  3c)  is  a  rectangle  ACMN  which  is  then  compressed  to  its  ideal 
square  by  [ELLI84]  in  stage  3. 
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Stage  3  (Compression  of   rectangle  froin  (c)  into  Its  ideal  square  with 
dilation  at  most  3  [ELL184]). 

The  method  works  because  at  each  step  there  is  constant  dilation 
and,  most  importantly,  stage  2,  increases  dilation  by  at  most  a  factor 
of  2.  The  dilation  on  either  side  of  the  critical  line  of  L  is  at  most 
4,  as  seen  in  the  example  of  Fig.  3.  • 


?&■■ 


LI 


6 


IwlKvl    i 

--r   r  *  ■  r  •^      6 


T  £mtt<iA\^«;^  orc>er  "" 


riQureJCBj:       Creat'ior,    of    roi.T    r    by    reverse    techr,ique    of    CELLIS4J,    ^rtot    i. 
squeezing    ABEH    "appropriately    to    create    r.       (Example:    ar.    6x2.    rectangU.) 
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To  be  folded  (TBF) 
rectangle 
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114   115 
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141   142- 
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-143   144- 


-137   138 
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-145   146 


147  —  148  —  149—150   151— 152  — 1-53  — 1  54 


155   156 

/  I 

163   164- 


157   158— 
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159   160 

/  I 
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183   184- 
-191   192- 


-185   186 
-193   194 


Figure  3b.  Result  of  stage  3,  (a):  LI  part  ABCD  sticking  out  is  to  be 
folded  on  top  of  CDEH  by  mapping  the  r  rows  of  ABCD,  in  the  order 
indicated  above  (Fig.  3a),  alternately  into  the  rows  of  CDEH. 
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160 
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Fig.  3c.  Result  of  stage  2,  (b):  Rectangle  which  is  to  be  compressed 
to  its  nearly  ideal  square  with  dilation  <_  3  x  max  dilation  of  previous 
step  =  4. 
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Lemma  A  considers  the  case  of  a  partial  grid  which  has  the  shape 
of  a  T.  It  treats  this  type  of  PG  as  two  L's  and  uses  Lemma  3. 

Lemma  A  (Embedding  T   shapes).    Any  T-shaped   partial   grid   can   be 
embedded  into  a  square  with  near-optimal  expansion  and  dilation  <^  4. 

Proof:  The  basic  idea  of  the  proof  is  that  the  T-embedding  problem 
can  be  reduced  to  the  L-embedlng  problem  as  follows: 

(a)  We  partition  a  T-shaped  partial  grid  PG  down  Its  middle  as 
shown  in  the  figure  below  and  thus  create  two  L-shaped  PC's,  LI  and  L2, 
connected  "back,  to  back"  (Fig.  A). 


near 
ideal 


Fig.  A.  Compressing  a  T-shaped  PG 

(b)  We  apply  Lemma  3  to  LI  and  L2  separately  using  the  height  of 
the  perpendicular  partition  (AB)  as  the  basis  of  the  operations  thus 
creating  (at  the  end  of  stage  3,  Lemma  3),  the  near-ideal  square.  We 
observe  that  the  worst-case  stretching  affecting  the  vertices  on  either 
side  of  a  critical  line  and  within  the  same  L,  will  not  affect  two 
vertices  x  and  y  which  are  inside  two  different  L's.  In  the  full  paper 
we  show  that  since  Lemma  3  has  dilation  bound  at  most  A,  the  embbeding 
of  T-shaped  partial  grids  also  has  the  same  upper  bound.         • 

We  observe  that  the  case  of  a  T  can  be  generalized  to  other  T-llke 
shapes,  which  can  also  be  reduced  to  either  an  L  or  a  T  or  one  of  each. 
Work  in  this  direction  is  in  progress.  For  example,  one  would  like  to 
ask,  "how  many  elementary  shapes  glued  together  is  It  possible  to  do 
with  bounded  dilation?" 
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Prelimlnary  work  Indicates  to  us  that  the  results  of  Lemmas  3  and 
4  can  be  extended  to  certain  cases  of  orthogonal  partial  grids,  with 
sides  parallel  to  the  X  and  Y  axes,  which  can  be  constructed  from  a 
combination  of  T,  L  and  rectangular  shapes  (see  open-PG,  Definition  10 
below).  Conjectures  in  the  last  section  of  the  paper  express  these 
ideas. 


Definition  10. 


Let   open-PG  stand   for   a   partial   grid  which   is 


constructed  as  follows  (Fig.  5): 

(1)  from  a  combination  of  orthogonal  L-shaped  and/or  T-shaped 
partial  grids  whose  sides  are  parallel  to  the  X  and  Y  axes,  and 

(2)  such  that  the  result  of  the  combination  does  not  enclose 
completely  a  hole,  i.e.,  a  hole  with  a  complete  circuit  of  vertices 
does  not  exist. 


X 


open-fG's 


f 


iukhimhiiii  1)1 


Pl»r-\-;4-xo\-^*vvo  CP  ) 


itUtUii 


op*r\    V>o\t  _-..- 


Fig.  5.   Partial  grids,  partitioning  and  critical  lines. 


Definition  11.  Let  Polygon  Graph  be  a  simple  circuit  composed  of  a 
chain  of  vertices.  That  is,  a  polygon  graph  is  a  single  hole  with 
"thickness"  of  surrounding  walls  =  1.  Lemma  5  shows  that  any  polygon 
graph  can  be  embedded  into  a  square  with  optimal  expansion,  dilation  1 
and  boundary  dilation  at  most  the  square  root  of  its  vertices. 

Lemma  5  (Embedding  of  "polygon  graphs"  by  "comb"  method).  Any  "polygon 
graph"  partial  grid  can  be  embedded_  into  the  ideal  square  with  dilation 
=  1  but  with  boundary  dilation  =  ^N,  where  N  =  number  of  vertices. 


Proof  (sketch):  by  the  "comb"  embedding  method  (Fig.  6  below). 
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po^^^on       0 


r**'\ 


(s   =  N  ) 


Figure  6.  "comb"  embedding 


Lemma  6  describes  cases  of  rectangular  partial  grids  which  have  a 
rectangular  polygon-graph-type  of  holes  as  part  of  their  structure. 
The  comb  embedding  method  of  the  previous  lemma,  Lemma  5,  is  used  in 
all  cases.  It  would  be  interesting  to  find  out  "the  limits  of 
combination"  involved  in  each  case.  That  is,  a  characterization  of 
families  of  PC's. 

Lemma  6  (Embedding  partial  grids  with  "thin-wall"  holes  =  polygons). 

be  a  full  rectangular  PG  (no  nodes  or  edges 

be  a  polygon  graph  (hole  with  perlmeter- 


\  \ 


Let 
missing)  and 
thickness  =  1  ). 


^ 


» — •— « — .- 


Then  the  following  three   types   of   partial   grids   can   be   done 
optimally,  with  dilation  at  most  3. 

(1)  A  full  rectangular  PG  with  a  rec.   polygon  graph  (hold)  at  one  end. 

(2)  A  full  rectangular  PG  with  a  rec.   polygon  graph  (hole)  at  opposite 
ends, 

(3)  A  full  rectangular  PG  with  a  rec.    polygon   graph   (hole)   in   the 
middle, 

as  Indicated  in  the  figure  contained  in  the  proof  below. 

Proof:   A  proof  is  given  below  (Fig.  7).   A  detailed  proof  will  be 
included  in  the  full  paper. 


cn 
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(I) 


3 
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lUU 


rO 


(tUls") 


Figure  7.  Embedding  PC's  with  polygon-graph  holes, 


In  Lemma  6  we  considered  PC's  with  holes  which  have  at  least  two 
of  their  sides  exposed  to  the  outside.  How  about  more  "enclosed" 
holes?  In  Lemmas  7,  8  and  9  we  consider  such  cases.  We  start  by 
considering  (Lemma  7)  a  rectangular  partial  grid  with  one  "enclosed" 
rectangular  hole  H,  one  side  of  H  being  a  "thin"  or  exposed  wall. 

Lemma  7.   the  following  can  be  done  with  dilation  at  most  3. 


Y 


w 

2 

VoU 

i  a  e  a  \ 


Figure  8.   PG  with  hole  such  that  y  side  of  hole  has  thickness  1. 


Proof:  We  show  how  (Fig.  9)  to  map  the  vertices  which  are  on  the 
perimeter  of  the  hole  (interface  of  hole). 
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Figure  9.   Compressing  a  PG  with  hole  with  one  exposed  side. 

METHOD.    Embed   interface   of  hole  into  an  1  x  (w  +  y/2)  grid.   (Basic 
Grid). 


Each  interface 


layer  of  nodes   "around"   the   hole  just 


maps  around  the  basic  grid. 

It   is   easy   to   prove   dilation  <   2,  boundary  dilation  <  2. 
resulting  orthogonal  goes  to  nearly  ideal  square  by  [ELLI8A].    • 


The 


Lemma  8  considers  the  case  of  a  PG  with  an  enclosed  hole  which  is 
symmetric  in  the  sense  that  both  the  PG  and  the  hold  are  orthogonal 
and,  furthermore,  if  we  draw  the  diagonals  of  PG  and  of  H,  they  all 
cross  at  the  center  of  the  PG.  We  show  how  to  compress  such  a  PG  with 
optimal  expansion,  and  with  constant  dilation. 

Lemma  8  ("symmetric  hole"  PG  embedding).  Let  PG  be  a  rectangular  grid 
(a  X  b)  with  exactly  one  "symmetric"  hole,  i.e.,  a  rectangular  hole 
(c^d)  whose  sides  c  and  d  are  parallel  to  PG's  sides  a  and  b  be 
respectively  and  such  that  the  diagonals  of  the  PG  rectangle  coincide 
with  the  diagonals  of  the  hole  rectangle.  Such  a  PG  can  then  be 
embedded  into  its  nearly  ideal  square  with  dilation  <^  3  (see  Fig.  10 
below) . 
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Fig.  10:  Symmetric  Hole  PG  Embedding 
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Proof :  Step  1.  Embed  hole  c  x  d  into  an  1  x  (ex  d)/2)  grid  and 
the  successive  layers  of  full  grid  around  the  hole  to  obtain  a  new 
rectangular  grid  PC  which  has  a  very  narrow  (1  x  (ex  d/2))  hole 
inside  It.  It  is  easy  to  show  that  this  step  can  be  accomplished  with 
dilation  <  2  (see  Fig.  11a  for  a  schematic  diagram  of  grid  PC). 


"FOLblKjCf* 


[UL\S] 


Fig.  11. 


Step  2.  Do  folding  [ELLI84]  of  rectangle  PC.  • 

Definition  12.  Let  PG  be  a  rectangular  partial  grid  (a  x  b).  We 
define  a  corner  hole  a  rectangular  hole  ABCD  (c  x  d),  with  sides  c  and 
d  parallel  to  b  and  a  respectively,  and  such  that  ABCD  is  "close  to" 
one  of  the  PG  corners,  corner  E,  where  E  =  C(n)  in  Fig.  12  below. 
"Close  to"  means  that  ICzj,  |Cy|  <  |c|,  |d|.  (This  means  that  there  is 
a  relatively  thin  section  of  full  grid  on  the  top  and  to  the  right  of 
the  hole  in  question. )  We  cal  such  a  PG  a  corner-hole  PG. 

Lemma  9  (PG  with  one  "corner"  hole).  Let  PG  be  a  corner-hole  PG,  and 
let  H  be  a  corner  hole,  as  defined  in  Definition  12. 


<  3. 


Then  PG  can  be  embedded  into  its  nearly  ideal  square  with  dilation 


Proof  Sketch:  We  proceed  in  two  stages: 


Stage  1:  Embed  corner-hole  PG  into  an  equivalent  L-shaped  PC  with 
dilation  <  3  (Fig.  13). 
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Figure  12;^^  PG  with  a  corner  hole. 
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Fig.  13.  Example  for  corner  hole  embedding. 


We  observe  that  dilation  remains  £  3  because  all  "corners"  C, 
C(l),  C(2),  C(3), . . . ,C(n) ,  are  processed  together  by  a  step-folding 
technique  of  the  corresponding  rows  [B,C,D],  [B(l),  C(l),  D(l)],  [B(2), 
C(2),  D(2)],  ....  [B(n),C(n),D(n)],  where  C(n)  =  E  in  Fig.  13. 

Stage  2.   Embed  PC  into  its  nearly  ideal  square  PG";  by  Lemma  3,   this 
is  an  <  3  dilation  embedding.  • 
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3.   THE   INHERENT   COMPLEXITY   OF   THE  PROBLEM:  LOWER  BOUNDS  &  NEGATIVE 
RESULTS 

In  this  section  we  show  that  the  problem  of  minimizing  dilation  k, 
for  arbitrary  k ,  is  NP-complete  (problem  PI  in  Theorem  1).  In  fact, 
even  for  a  given  k  =  1  and  for  rectangular  PC's,  the  problem  remains 
NP-complete  (Problem  P2,  Theorem  2).  We  also  give  a  lower  bound  on 
dilation  for  optimum  embedding  of  partial  grids.  Let  PG  be  the  partial 
grid  to  be  compressed  and  PG'  the  host  square  grid.  Then  dilation  is 
n(D/L),  where  D  is  the  diameter  of  the  smallest  convex  region 
containing  the  embedding  PG'  of  PG  and  L  is  the  longest  path  between 
any  two  vertices  in  PG  (Theorem  3). 

Theorem  1.   the   following  problem  PI   ("Ideal   Grid   Embedding")   is 
NP-complete. 

INSTANCE:  A  partial  grid  PG  of  N  vertices  and  a  positive  integer  k  _<  N. 

QUESTION:  Can  we  embed  PG  into  its  ideal  square  (i.e.,  the  square  of 
size  r^N]  )  with  dilation  <^  k  ? 

Proof:  It  is  immediate  to  see  that  the  problem  is  NP. 

We  now  describe  a  transformation  from  the  Bandwidth  Minimization 
(BM)  problem  [PAPA76].  We  use  the  version  where  G  is  a  tree  with  no 
vertex  degree  exceeding  3.  The  Bandwidth  Minimization  problem  Is  as 
follows: 

INSTANCE:  Tree  G  =  (V,E),  |v|  =  N,  integer  k'  <   N. 

QUESTION:  Is  there  a  linear  ordering  of  the  vertices  V  with  bandwidth 
k'  or  less,  i.e.,  does  there  exist  a  1-1  function  f:  V  — > 
{1,2,...,N}  such  that  Vu,ve  V  and  {u,v}  e  E  ==> 
|f(u)  -  f(v)|  _<  k'  ? 

Transformation: 

Given  a  tree  G  of  maximum  vertex  degree  _<  3  we  can  consider  it  as 
a  partial  grid  of  N  vertices. 

Let  A  be  a  polynomial  time  algorithm  deciding  problem  PI. 

(a)   Let  A  be  able  to  "compress"  G  into  its  ideal  square.   Let  e  be 
the  embedding  with  maximum  dilation  d  ^  k. 

Sort  the  vertices  of  G  according  to   their   distance   (Euclidean) 
from  the  lower  left  vertex  of  the  ideal  square  (Figo  14  below). 
Let  f(u)  be  the  index  of  vertex  u  in  the  sorted  order. 
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Fig.  lA.  Sorting  of  vertices  in  proof  of  Theorem  1. 

In  the  above  figure,  f(u)  <  f(v)  because  x  <  y.  Take  {u,v}  e  PG. 
Then  dilation    (    {u,v}     )    <_  ^    <  ^   ==>  Euclidean   distance   of 

e(u),    e(v)    <  k.  (*) 

However,  in  the  sorted  order  f_j_  the  distances  of  consecutive 
nodes  differ  by  at  least  \l  ^1  (except  for  pairs  of  "symmetric" 
nodes  of  equal  distances  from  0). 

So,  from  (*)  ==>  There  are  at  mos_t  2  /  2  k  nodes  between  u,  v  in 
the  sorted  order.  Take  k'  =  2  ^2  k.  Clearly,  then,  A  solves  the 
BM  problem  in  polynomial  time. 

(b)   Let  A  decide  "no". 

Then  the  answer  to  BM  cannot  be  positive.   If  it  were,   then  one 

could   put   vertices   into   the   ideal  square,  using  as  guide  the 

ordering  f(l),  f(2) f(N)  and  mapping  it  onto  the  ordering  of 

vertices   of   the   square,   sorted   by   their   distances   from  0. 

Clearly,  a  "yes"  answer  to  BM  would  imply  a  "yes"  answer  to  A, 
which  is  a  contradiction.                                • 


Theorem  2.    the   following   problem  P2   ("k  =  1,  orthogonal  grid 
embedding")  is  NP-complete: 

INSTANCE:  A  partial  grid  PG(h,w)  of  N  vertices  (h  <^N). 

QUESTION:  Can  we  embed  PG  into  an   orthogonal   grid   of   h  ><  (N/h)   and 
dilation  -  1? 

Proof  (sketch):   the   proof   is   based   on   a   reduction   from  the 
3 -partition  problem  [GARE79]  which  is  given  below: 

INSTANCE:  A  finite  set  of  3m  elements,  a  bound  B  e  Z"^,  a   size   s(a(i)) 

V  a  e  A:  (B/A)  <  s(a)  <  (B/2)  and  I   s(a)  =  mB. 

ae  A 

QUESTION:  Can  A  be  partitioned  into  m  disjoint  sets  s j , S2, . . . .s^,  such 

that  for  1  _<  i  £  m,   I  ^^  g  s(a)  =  B  ? 
Given  any  instance  I  of  the  above  problem  we  provide  a  polynomial  time 
transf ormatin  to  an  instance  F(I)  of  the  P2  problem: 

Let  n  =  3m. 
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We  construct  a  partial  grid  PG  as  shown  in  Fig.  15  below  with  the 
full  grid  parts  Indicated  by  diagonal  lines.  Each  "hole"  has  just  a 
row  of  empty  vertices  of  number  t,  where  t  •=  B. 


en 


t/'c^; 


^\jS\  Qoa 


\\k\\  gnd 


Fig.  15.  Reduction  from  3-partltlon  to  P2. 


There  are  m  holds. 

Each  a(i)  is  just  sCa^^)  vertices  In  a  row  (A  =  {  aj ,  . . .  .a^,}  ). 

PG  can   become  an  orthogonal  grid  (with  dilation  =  1 )  if  and  only 

if  o^,..,,c^   solve  the  3-partltlon  problem.  • 

The  final  result  (Theorem  3)   relates   the   shape   and  number   of 

vertices   in   a  PG  to   its   dilation   lower   bound.   L  is  the  longest 

distance  between  two  vertices  in  the  source  PG  and  D  is  the  diameter  of 
the  host  PG'. 


Theorem  3  (lower  bound  result).  Let  the  longest  path  between  two 
vertices  in  a  partial  grid  PG  be  equal  to  L.  Let  the  diameter  of  the 
smallest  convex  region  containing  the  embedding  PG'  of  PG  be  D.  Then 
dilation  =  n(D/L). 
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Proof:  The  are  two  points  in  the  embedding  of  distance  at  least  D. 
However,  in  PG,  they  are  Joined  by  a  path  of  length  £  L.  Clearly, 
then,  dilation  >  D/L.  • 

Application,   there  are  partial  grids  which   cannot   be   embedded   into 
their  ideal  square  with  bounded  dilation. 

Proof:   Let  PG   be   a   partial   grid  of  N  vertices.   Then  D  =  /n. 

Construct  a  PG  so  that  L  ^  oCi^N).   For  example,   PG  may   look   like   a 

complete   binary  tre    (L   "   log  N).    (In   this   case,   dilation 

2  ''N  /  log  N.)  • 

Note:  With  respect  to  negative  results,  let  us  observe  the 
following: 

If  PG  is  a  partial  grid  with  N  vertices,  where  N  =  s,  clearly,  in 
an  "optimal  expansion"  embedding,  the  boundary  of  any  hole  has  to 
become  of  the  form  L  (below),  where  dilation  =  1. 


/ 

.L 


Choose  a  PG  which  is  empty  except  for  lines  as  shown  below. 


■    -  -^ 

— 

XV, 

Clearly,  N  =  e(h)  and  s  =  e(/h).  Hence,  as  h  +  » ,  an  L  will  have 
to  hit  at  least  two  boundaries  of  the  s  x  s  square,  effectively 
disconnecting  the  square  and  making  it  impossible  for  the  other  holes 
to  be  there, 

EXAMPLE: 


>■   •    • • •— < 

I    •    i    •    »   -^ 


/ 
cannot 
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T"~"f — '* — ' 
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because  H(l),  H(2)  placed  together   destroy   (constant)   dilation  with 
respect  to  H(3). 

4.   CONCLUSIONS  AND  FUTURE  WORK 

In  this  paper  we  have  provided  two  types  of  results: 

(1)  A  case  study  of  embedding  techniques  for  optimal  area  and 
dilation  of  the  partial  grid  embedding  problem.  Due  to  the  complexity 
of  the  problem,  we  considered  various  special  cases  of  partial  grids 
(L-shapes,  T-shapes,  0-shapes,  special  combinations  of  L's  and  T's,  PG 
with  polygon  holes,  symmetric  holes,  corner  holes).  We  are  working  on 
extending  these  results  to  further  special  cases  and  to  combinations  of 
these  so  that  a  sufficient  repertoire  of  partial  grid  embedding  cases 
can  be  built-up  and  thus  aid  the  work,  of  the  human  VLSI  designer. 

(2)  Complexity  results  showing  the  general  problem  and  even  a 
special  case  of  the  problem  to  be  NP-complete,  as  well  as  a  lower  bound 
dependent  on  the  diameter  and  the  longest  distance  between  any  two 
points  in  the  partial  grid. 

To  our  knowledge,  this  type  of  graph  embedding  problem  has  not 
been  studied  before,  although  it  appears  to  correspond  to  a  variety  of 
natural  situations.  Furthermore,  it  appears  to  open  up  a  new  set  of 
design-related  problems.  Also,  this  problem  may  offer  a  way  to 
transfer  some  linear  graph  layout  questions  and  results.  For  example, 
one  can  consider  the  critical  line  of  Definition  10,  i.e.,  the  line 
which  defines  the  locations  where  the  worst  case  dilation  might  occur 
in  an  embedding,  as  the  line  in  the  PG  along  which  the  designer  needs 
to  "optimize"  dilation. 

For  example,  one  could  introduce  the  linear  graph  layout  notion  of 
grid  topological  bandwidth  [MAKE82]  here.  That  is,  it  would  be 
interesting  to  study  the  effect  of  Introducing  extra  grid  vertices  into 
a  PG  to  be  compressed.  These  extra  vertices  would  be  introduced  along 
the  critical  lines  of  the  PG.  This  would  correspond  to  the  linear 
layout  topological  bandwidth  problem  for  graphs,  that  is,  the 
introduction  of  an  arbitrary  number  of  degree  two  vertices  in  a  graph 
in  order  to  minimize  its  bandwidth  along  the  linear  layout  [MAKE83b). 
Of  course,  the  introduction  of  extra  grid  points  at  special  spots  would 
induce  some  area  cost  with  a  significant  gain  in  dilation.  In 
[RAMA82],  the  effect  on  the  area  of  a  VLSI  layout  when  drivers  ar 
introduced  along  many  long  wires  is  investigated.  A  layout  is 
presented  for  which  the  introduction  of  drivers  along  long  wires  at 
most  squares  the  area  of  the  layout.  An  area-time  tradeoff  for  a 
single  long  wire  is  also  shown  [RAMA82].  One  other  such  extension  of  a 
linear  layout  parameter  we  plan  to  consider  in  the  case  of  partial 
grids  is  the  notion  of  vertex  separation  [MAKE82]. 

We  are  working  on  algorithms  which  locate  critical  lines  in  a  PG 
and  use  the  results  of  Lemmas  2  and  3  as  well  as  [ELLI8A].  We  suspect 
thta  such  a  pre-processing  of  the  partial  grid  requires  polynomial  time 
for  special  cases  and  depends  on  the  way  one  starts  the  partitioning  of 
the  PG  into  L's,  T's  or  rectangles,  or  other  simpler  cases.  This  is 
clear  in  the  case  of  an  open  PG  (Fig.  5):  there  are  several  choices  at 
each  step  of  the  way  we  decide  to  "cut"  the  PG  into  simpler  PC's  and 
also  several  choices  at  each  step  of  what  to  fold  or  choosing  the 
critical  line  location. 
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Let  open-PG  be  a  partial  grid  as  defined  in  Definition  10.  Let 
{L( 1 ) , . . . ,L(n)}  be  the  set  of  L's  to  which  a  given  open-PG  can  be 
decomposed  to  by  applying  the  partitioning  techniques  of  Lemmas  2  and  3 
and  let  {CL( 1) ,CL(2), . . . ,CL(n)}  denote  the  set  of  critical  lines  of 
each  L(l)  resectively.  Clearly,  there  is  always  a  partitioning  P  of  an 
open  PG  which  does  not  involve  any  two  vertices  1  and  j  into  a  common 
critical  line,  assuming  l,j  are  mapped  in  distinct  L's.  However,  how 
can  one  guarantee  constant  dilation  in  the  embedding  of  an  open  PG  when 
there  are  several  critical  lines  Involved?  We  call  such  a  partitioning 
of  an  open  PG,  constant  dilation  partitioning  because  it  guarantees 
constant  dilation.   Conjecture  1  expresses  this  idea  more  formally. 


CONJECTURE  1.  Any  open-PG  can  be  embedded  into  its  nearly-ideal 
square  with  constant  dilation,  provided  that  a  constant  dilation 
partitioning  P  of  PG  exists. 

Conjectures  2  and  3  below  present  still  another  exciting  extension 
of  this  work  for  which  the  authors  have  only  preliminary  results.  This 
relates  to  Lemma  9,  i.e.,  embedding  a  partial  grid  with  one  "corner 
hole".  We  would  like  to  extend  this  result  to  a  general  type  of  hole 
as  well  as  to  the  case  when  the  PG  has  more  than  one  hole. 

CONJECTURE  2.  If  PG  is  a  given  partial  grid  with  n  convex 
orthogonal  corners  and  n  orthogonal  holes  such  that,  for  each  hole,  two 
sides  are  parallel  to  the  corner  sides,  then  call  such  a  grid  CH-PG  for 
corner-hole  PG.  We  conjecture  that  Lemma  9  can  be  applied  n  times  in 
sequence  to  each  hole  in  order  to  produce  a  near  ideal  square  of  PG 
with  constant  dilation. 

Let  PG  be  a  given  partial  grid  with  n  orthogonal  holes,  each  at 
least  a  boundray  distance  B  >^  k,  for  a  positive  integer  k,  apart.  Let 
p  stand  for  the  perimeter  of  PG,  i.e.,  the  path  of  vertices  on  the 
perimeter. 

If  there  is  a  line  L  which  originates  from  one  point  a  in  p  and 
reaches  another  point  b  in  p,  crossing  at  most  two  holes,  we  call  this 
PG  outer-planar  hole  PG. 

Let  CB  be  the  critical  boundary  of  two  holes ,  i.e. ,  the  full  grid 
part  between  two  holes  H  and  H'  along  which  the  worst-case  dilation 
will  occur. 

CONJECTURE  3.  A  PG  with  n  outer-planar  holes  (defined  above)  can 
be  embedded  into  its  nearly  ideal  square  with  constant  dilation  k  by 
applying  Lemma  9  n  times. 

Extensions  to  the  complexity  results  of  the  paper  would  be 
especially  interesting  for  the  case  when  boundary  dilation,  besides 
expansion  and  dilation  is  also  considered  as  an  embedding  parameter  of 
partial  grids.  Theorem  2  gives  a  result  on  PG  compression  when 
dilation  =  1.  It  would  be  interesting  to  know  whether  there  is  a 
polynomial  time  solution  for  k  =  2  or  higher.  Also,  a  characterization 
of  partial  grids  with  different  types  of  holes  would  be  worthwhile. 
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APPENDIX:  SUMMARY  OF  ELLIS  RESULTS 

The  Folding  Method: 

This  Ingenious  technique  is  particularly  useful  for  rectangles 
with  large  aspect  ratios  and  we  will  later  describe  its  effect  when 
used  in  combination  with  our  improved  compression  methods.  In  Fig.  4,2 
we  show  a  3  x  12  rectangle  being  folded  into  36x6  square,  with 
optimal  expansion  and  dilation.  It  simportant  properties,  which  are 
evident  from  the  illustration,  are: 

1.  The  dilation  is  always  exactly  two. 

2.  If  a  horizontal  edge  is  dilated  it  maps  onto  a  diagonal  in  the  new 
grid. 

3.  If  a  vertical  edge  is  dilated  it  maps  onto  two   adjacent   vertical 
edges  in  the  new  grid. 

Note  that  the  folding  can  be  done  any  number  of  times,  if 
necessary.  If  there  ar  n  bends  in  the  embedding,  we  will  call  n+1  the 
folding  factor.  Of  course  if  there  is  a  k  such  that  kh  <^  s  and  cl(w/k) 
<  s,  then  folding  gives  an  ideal  solution,  but  this  is  rarely  the  case. 

Note:  Throughout  this  section  cX(r)  will  mean  the  ceiling  of  the 
real  r,  i.e.  the  smallest  integer  not  smaller  than  r,  and  fl(r)  will 
mean  the  floor  of  r,  i.e.   the  largest  integer  not  greater  than  r. 


Fig.  A.l.   An  Example   of   the   Folding  Method   from  Aleliunas   and 
Rosenberg 

A.l.    The  Compression  Method: 

The  compression  method  squeezes  the  rectangle  from  the  sides  so 
that  the  horizontal  edges  buckle  up.  An  explicit,  algebraic  definition 
of  a  compression  method  is  given  in  [ALEL,82].  But,  in  this  version, 
the  results  are  not  guaranteed  to  be  optimal,  even  when  the  aspect 
ratio  of  the  rectangle  is  small,  say  less  than  two.  The  major 
contribution  to  be  described  in  the  following  sections  is  a  compression 
method  that  is  optimal  for  -a  much  wider  class  of  rectangles.  In 
Fig.  A. 2  we  give  an  example  of  compression  taken  from  [ALEL,82]o    This 
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example  compresses  a  10  x  12  rectangle  into  a  12  x  10  rectangle.  The 
result  is  another  rectangle  and  not  a  square.  It  will  be  shown  shortly 
why  this  is  useful. 
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Fig.  A. 2.   An  Example  of  Compression  from  Aleliunas  and  Rosenberg 

A. 2   Summary  of  New  Results 

We  begin  by  summarizing  our  new  results  which  show  that  there  is 
no  significant  tradeoff  between  expansion  and  dilation.  In  many  cases 
optimal  expansion  and  optimal  dilation  can  be  achieved  simultaneously 
and  in  the  worst  case  dilation  3  is  obtainable  with  almost  optimal 
expansion.  Let  the  rectangular  grid  be  of  height  h  and  width  w  and  let 
h  <  w.  We  will  call  the  square  grid  of  side  s  where  s  =  cl((hw)^"^)  the 
Ideal  square  grid  and  the  square  of  side  s+1  the  nearly  ideal  square 
grid.  Call  the  ratio  w/s  the  compression  ratio.  The  following 
theorems  will  be  proved  in  later  sections. 

Theorem  A. 1 .    If  the  compression  ratio  is  £  2  then  a  rectangular  grid 
can  be  embedded  into  its  ideal  square  grid  with  dilation  2. 

Theorem  A. 2.   If  the  compression  ratio  Is  £  3  then  a  rectangular  grid 
can  be  embedded  into  its  ideal  square  grid  with  dilation  <  3. 


Theorem  A. 3.   Any  rectangular  grid  can  be  embedded  into  its  nearly 
ideal  square  grid  with  dilation  <  3. 
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A.3   Pictorial  Description  of  Improved  Compression  with  Dilation  Two 

The  crucial  embedding  technique  which  justifies  Theorems  A.l  and 
A. 2  is  an  improved  compression  method.  The  method  is  based  on  the 
careful  arrangement  of  many  elementary  compression  patterns  which  we 
call  primitive  tiles.  The  methods  and  patterns  are  best  understood 
visually.  In  this  section  we  will  explain  the  method  in  a  qualitative, 
pictorial  fashion. 

A. 3.1   Light  and  Heavy  2-Tiles: 

We  first  describe  two  primitive  tiles  called  the  light  2-tile  and 
the  heavy  2-tile.  The  number  2  signifies  that  these  tiles  have 
dilation  2.  The  light  2-tile  is  used  to  achieve  a  compression  ratio 
<  2/3.  The  heavy  2-tile  is  used  to  achieve  a  compression  ratio  >_  2/3 
a^nd  £  2.  Fig.  A. 3  illustrates  the  form  of  a  light  2-tile,  in  this  case 
giving  a  5  X  6  into  6x5  embedding.  Note  that  for  any  n  this  tile 
defines  an  embedding  of  an  n-1  by  n  rectangle  into  an  n  by  n-1 
rectangle  with  dilation  two.  The  significance  of  this  simple  tile  will 
be  apparent  when  we  show  how  to  combine  many  tiles  so  as  to  embed  a 
rectangle  into  a  square.  In  most  of  our  diagrams  only  the  new  position 
of  horizontal  edges  are  shown.  It  will  be  evident  by  inspection  that 
none  of  these  is  stretched  to  a  dilation  greater  than  two.  Dilation  2 
occurs  when  a  pair  of  nodes  that  were  adjacent  horizontally  in  the 
rectangle  are  embedded  across  a  diagonal  in  the  square.  It  is  easy  to 
fill  in  the  vertical  edges  and  verify  that  they  too  do  not  suffer 
dilation  greater  than  two. 

Fig.  A. 4  illustrates  the  form  of  a  heavy  2-tile,  in  this  case  It 
yields  a  5x9  into  9x5  embedding.  For  any  n  this  kind  of  pattern 
will  embed  a  (2n-l)  by  n  rectangle  into  an  n  by  (2n-l)  rectangle  with 
dilation  two. 
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Flg.  A. 3.  The  Standard  Light  2-Tile 


rLTi: 


Fig.  A. 4.  The  Standard  Heavy  2-Tile 


A. 3. 2  The  General  Strategy: 

The  primitive  tiles  just  described  embed  an  m  by  n  rectangle  into 
an  n  by  m  rectangle.  Since  our  final  goal  is  to  embed  a  rectangle  into 
a  square,  the  usefulness  of  the  rectangle  into  rectangle  embedding 
needs  to  be  described.  Suppose  our  goal  is  to  embed  the  h  x  w 
rectangle  into  the  s  x  s  square.  We  achieve  this  goal  by  way  of  an 
intermediate  step.  This  step  embeds  an  s  x  w  rectangle  into  a  w  x  s 
rectangle.  It  will  always  be  teh  case  that  the  solution  to  the 
original  problem  is  contained  within  the  intermediate   solution. 


Once 
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the  Intermediate  problem  Is  solved,  one  just  throws  away  the  bottom 
w  -  s  rows.  The  remaining  s  x  s  square  contains  all  the  nodes  from  the 
original  h  x  w  rectangle  and  is  therefore  a  solution  to  the  original 
problem.  The  principle  is  illustrated  in  Fig.  A. 5  in  which  the  heavy 
outline  shows  the  ideal  square. 


_<* 


I 
.J 


Fig.  A. 5.  The  General  Strategy 
1_   2-   3-   A-   5-   6-   7-   8-   9-10-11 
17  -  18  -  19  -  20  -  21  -  22  -  23  -  24  -  25  -  26  -  27 

+ 
1-  2-  3-  4-  5-  6 


12  -  13  -  14  -  15  -  16 

I     I     I     1     I 
28  -  29  -  30  -  31  -  32 


17  -  18  -  19  -  20  -  21 ^^  7 
12-11-10-9-8   22 


13   27  -  26  -  25  -  24  -  23 
jX  lA  -  15  -  16 


28 


29  -  30  -  31  -  32 

Fig.  A. 6.  A  dilation  2  folding  of  a  2  x  16  rectangular  grid 
into  a  6x 6  square  grid. 
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1-  2-  3-  4-  5-  6-  7-  8-  9-10 

16   -  iV   -  1*8   -  IS   -  2b   -  2"l    -  2*2   -  2,3   -  2^   -     2'^ 

3"l    -  3^2   -  3^3   -  3'4   -  3^5   -  36    -  37    -  3S   -  3'9    -     40 

4*6  -  47   -  48   -  4'9   -  50   -  5,1    -  52    -  53   -  54    -      ^5 

6'l    -  (^1   -  63   -  6*4   -  6   -  6;6   -  67    -  6'3    -  69    -      7b 

7;6   -  7.7   -  7i8   -  7^    -  8b   -  81    -  8>    -  8'^   -  8,4    -     8^ 


91    -     9^   -      9^3   -     9,4   -     95 

106   -    107   -   108   -   109   -   ll'O 


9'6 
111 


'A 

vi 

5'6 

7',! 
86 

idi 


9*7    -     98   -     99-100 
112   -    ll'3   -    ll'4   -   11'5   -   ll'6  - 


42 

? 

87 
102 
llV 


13  - 

\l-- 

1,5 

2*8  - 

30 

4b  - 
58  - 

7>- 

4'4  - 
5^  - 
7-4  - 

4'5 
6b 

88  - 

8>  - 

90 

10'3  - 

104  - 

Id5 

-   11'8 


ll'9   -   l20 


1    -     2 


6-7-8 


9-10-11 


14   -    15 


16-18  4-5        21        23 

X  \  \  y  \  / 

31         17        19   -  20        22        38 


24        26        12   -    13        29 

\  l\         /I 

39        25        27    -   28        30 


32   -   33   -   34   -   35   -   36   -   37        40   -   41    -  42   -   43   -   44 

1 

46  48  -  49  -  50  -  51    53  -  54    56  -  57    59  ,  45 

I  /  \  I   1/     V    i\ 

47  63  -  64  -  65  -  66    52    55    70   73    58   60 

I  I  /  I     |\ 

61  -  62   78   81    67  -  68  -  69   71  -  72    74  -  75 

76  -  77    79  -  80   82  -  83  -  84  -  85   88  -  89  -  90 

I     I 
91  -  92  -  93   96  -  97  -  98   100^   86  -  87   103   105 

II  \  i\  /  I  / 

106   108   94  -  95   HI   114   99   101  -102   104   119 

\    I  V  /    I        |\  /I 

107  109  -110  112  -113   115  -116  -117  -118   120 


Fig.  A. 7.  A  dilation  2  squeezing  of  an  8^ 15  rectangular 
grid  into  an  11  x  n  square  grid. 
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